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Matrix Multiplication / Quick Sort

Outline (1)

e Matrix Multiplication
o Traditional
o Recursive

o Strassen
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Outline (2)

e Quicksort
o Hoare Partitioning
o Lomuto Partitioning

o Recursive Sorting
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Outline (3)

e Quicksort Analysis
o Randomized Quicksort
o Randomized Selection

= Recursive

= Medians
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Matrix Multiplication (1)

e Input: A = |a;;], B = [b;]

e Output: C' = [Cij] —A-B—1,7=12,3,...,n

Ci1 Ci12
C21 C22
Cnl  Cn2
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Matrix Multiplication (2)

(611 cl2 - Cln\ (011 aip aln\ (511 by - bln\
Co1 €2 *** Cap a1 Q2 -+ QG2n I R

\cnl Ch2 **° Cpn ) \anl Qp2 *°* Qpp ) \bnl b2 -+ bpp )

c cj = D, aikby
= 1<k<n
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Matrix Multiplication: Standard Algorithm
Running Time: ©(n?)

for i=1 to n do
for j=1 to n do
c[i,j] = o
for k=1 to n do
Cc[i,j] = C[1,7] + A[i,k] + B[k,]]
endfor
endfor
endfor
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Matrix Multiplication: Divide & Conquer (1)

IDEA: Divide the nxn matrix into 222 matrix of (n/2)x(n/2) submatrices.

)

(611 612) B ((111 alz) . (511 b12
C21  C22 a1 Q22 ba1 D22

c11 = a11b11 + a2b9

(611 012) B (all alz) . (bll 512)
Co1  C22 azr G2 b1 b2

c12 = a11b12 + a12b9o
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Matrix Multiplication: Divide & Conquer (2)

Ci1 Ci2| _ |d11 4A12| b1 b2
Co1 €22 as1 @G22 ba1  boo
r
a11b11 + a12bo1

a21b11 + ag2b91

a11b12 + a12b99

C11

8 mults and 4 adds of (n/2)*(n/2) submatrices = < =

Ci12
 C22 = a21b12 + a2202
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Matrix Multiplication: Divide & Conquer (3)

MATRIX-MULTIPLY(A, B)

// Assuming that both A and B are nxn matrices

if n == 1 then
return A * B

else
//partition A, B, and C as shown before
C[1,1] = MATRIX-MULTIPLY (A[1,1], B[1,1]) +

MATRIX-MULTIPLY (A[1,2], B[2,1]);

C[1,2] = MATRIX-MULTIPLY (A[1,1], B[1,2]) +
MATRIX-MULTIPLY (A[1,2], B[2,2]);

C[2,1] = MATRIX-MULTIPLY (A[2,1], B[1,1]) +
MATRIX-MULTIPLY (A[2,2], B[2,1]);

C[2,2] = MATRIX-MULTIPLY (A[2,1], B[1,2]) +
MATRIX-MULTIPLY (A[2,2], B[2,2]);
endif

— return C

RTEU CE100 Week-3
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Matrix Multiplication: Divide & Conquer Analysis
T(n) = 8T(n/2) + ©(n?)
e 8 recursive calls = 8T'(---)

e each problem has sizen/2 = ---T'(n/2)
e Submatrix addition = ©(n?)

% RTEU CE100 Week-3
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Matrix Multiplication: Solving the Recurrence

e T(n) = 8T (n/2) + O(n?)
caq=28b=2
° f(n) = ©(n%)

o ,nlogg — n3

log?

e Case 1: "}(nb) =Q(n°) = T(n) = @(nlogg)

Similar with ordinary (iterative) algorithm.
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Matrix Multiplication: Strassen’s Idea (1)

Compute ¢11, C12, C21, C22 Using 7 recursive multiplications.

In normal case we need 8 as below.

Ci1 Ci2| _ |d11 4A12| b1 b2
C21 C22 a21 Q22 b21 bz2
( _
c11 = a11b11 + a12b91
Co1 = 21011 + ag9b9;

c12 = a11b12 + a12b929

as1b12 + as2b99

8 mults and 4 adds of (n/2)*(n/2) submatrices = <

L C22
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Matrix Multiplication: Strassen’s Idea (2)

* Reminder:
o Each submatrix is of size (n/2) * (n/2)

o Each add/sub operation takes ©(n?) time

e Compute P1... P7 using 7 recursive calls to matrix-multiply
Py = ayq * (big — ba)
P, = (a11 + a12) * by
Ps; = (a21 + a22) * bix
Py = agy * (byr — b11)
Ps = (a11 + ag2) * (b11 + b22)
Ps = (a12 — ag2) * (ba1 + b22)
P; = (a11 — ag) * (b1y + bi2)
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Matrix Multiplication: Strassen’s Idea (3)

Py = ajq * (b2 — byo)
P, = (a11 + a12) * by
Ps; = (a21 + ag2) * bi;
Py = ag * (ba1 — b11)
Ps = (a11 + a22) * (b11 + b22)
Ps = (a12 — ag2) * (ba1 + b22)
P; = (a1 — ag1) * (bin + bi2)

* How to compute ¢;; using P1...P7?

ci1 = B + Py—Py, + P

ci2 = P+ P
co1 = P3 + Py
= co2 = P5 + P—P3—F;
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Matrix Multiplication: Strassen’s Idea (4)

e 7 recursive multiply calls

e 18 add/sub operations

% RTEU CE100 Week-3
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Matrix Multiplication: Strassen’s Idea (5)

e.g. Show thatcias = P; + Ps -
ci2 = P + B
= a11(b12-b22) + (a11 + a12)b22
= a11b12 — a11b22 + a11b22 + a12022

= a11b12 + a12b99
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Strassen’s Algorithm

e Divide: Partition A and B into (n/2) * (n/2) submatrices. Form terms to be
multiplied using + and —.

e Conquer: Perform 7 multiplications of (n/2) * (n/2) submatrices recursively.

e Combine: Form C' using 4+ and —on (n/2) * (n/2)submatrices.

Recurrence: T'(n) = 7T (n/2) + ©(n?)
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Strassen’s Algorithm: Solving the Recurrence (1)

e T(n) =TT (n/2) + ©(n?)
oa="17">b=2
o f(n) = ©(n?)

- ,nlogg — nlg7

log?

e Case 1: 2+ = Q(n°) = T'(n) = @(nlogg)

T(n) = ©(nl°%)
23 = 8,2% = 4s0 = logs ~ 2.81

or use https://www.omnicalculator.com/math/log
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Strassen’s Algorithm: Solving the Recurrence (2)

e The number 2.81 may not seem much smaller than 3

e But, it is significant because the difference is in the exponent.

e Strassen'’s algorithm beats the ordinary algorithm on today’s machines for n > 30
or So.

e Best to date: ©(n?37% ) (of theoretical interest only)

1 RTEU CE100 Week-3
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Matrix Multiplication Solution Faster Than Strassen’s Algorithm

e |[n5 Oct. 2022 new paper published

o Discovering faster matrix multiplication algorithms with reinforcement learning

| Nature

o GitHub - deepmind/alphatensor

o Article

o Discovering novel algorithms with AlphaTensor

 RTEU CE100 Week-3
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Matrix Multiplication Solution Faster Than Strassen's Algorithm

For example, if the traditional algorithm taught in school multiplies a 4x5 by 5x5 matrix
using 100 multiplications, and this number was reduced to 80 with human ingenuity,
AlphaTensor has found algorithms that do the same operation using just 76
multiplications.
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Matrix Multiplication Solution Faster Than Strassen's Algorithm

I[center h:450px]
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Standard Multiplication

S /) S

1 /) 2 2
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a; ; Q; o b1,1 by e Ci 1 Ci2
Qy ; Qs o b2,1 by o Cs s Co o
— — — 4 — _J

Standard algorithm Strassen’s algorithm

| RTEU CE100 Week-3

h;=a;; b, h,=(a;;+ ass) (b, ; + by )
hy=a;; b, hy = (ag; + ag,) b;
Standard and Strassen et R
R h,=a;, by, h,=ass (-b;;+ bz ;)
Comparison e o ey
he= as; b;» hs=(-a;;+ as;) (by, + b; )
hy = az2 by, hy = (a2~ @s2)(bs; + by )
hs = ags by
cri=hi+ hy Cii=hi+ hy- bt hy
Ci,2 = ho+ hy €12 = hs+ hs
Cg1 = hs+ hy Cg1=ho+ hy
Cg2 = hs+ hg Cg2=h;- ho+ hs+ hy
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a1 @Gi2 @13 G4 Q15 €12 €13

G2,1 Q22 G23 0G24 a25 C22 C23

a3,;1 azz2 33 (34 35 €32 €33

(41 Q42 Q43 Ag4 (45 C12 €43

hr = (=a1 +as1 = a12) (b

(as2 — ass — aa,3) (=bas +bs1)

2 — ara+a1a) (b2 + baa)

30— a3+ ase) (bus + s

(a5 + as) (bas — b — bya — b

+a3,4) (b1, —bia+bis —bas — baa +bas —bs +bsa —bss)
20+ aa1) (b2 + bis + b2z — bia — baz — bas)
3 = a1g) (“bas = b

R —
—as1+a12) b s —ass) (b1 +bia+b )
L hes = (a1,1 + 01,3 — @14 — a1,5 — @11 — @3 + aaa + a15) (=ba1 — baa + baa)
he —msta 2.4 = b3, = bs2 + baa = bs,2 + bs,a)
Improved Solution . ===
ha 3.5 = @a + aas — asa +ass) (=bs1 = bss — b 5)
=14 = a2.4) (b1 +b12 = bra = by —bso +bsa+bas) ha: 2,1 — az.4 — asy — i) (b + bao + bis)
(a1 4 byt bit) hos = (@13 — @14 — 15 + 23 — az,s — az5) (b1 + biz — bia + bas + b2 — by a)
=015 (“bia —bs +bsa) hra = (a2 = a2 +aza = as1 +azs — as.) (bay +baz +bas)
aii (biy = bia) +aga + ass — asy + as) b,
=(~a1s+ara+ais)bia + b —bsg)
3+ hs —
c2,1 = hio+hir — hiz + his + has + hie — hir — has + hs
hua + s + hag — ha + ha + s — ha + hrs
hio + hi2 = his = hie + hs2 + hss — he — hs + h
2 13 4 hus + hao + hay —
ha1 4 hiz — hiz = his
€32 = —hig — hig — ha1 — has
can =l — o — his + hoy = has + has — hay — hag + he
+ has + haa + ha. s7 + hao — hat + hss — hs,
— aas) (bas + b +bs.2) 10+ ho + haa + has + ha 7 — has — heo
=(— 14+ a45) by 16— has + hag + har — haa + has — has + hes — hyi —
= (—ons — i +ans —as) (b b+ b+ ) + s + hag — has + hiss — has — hs — hsa + he + hs — ho
hias = (=31 = au1 — asa+aas) (b + s+ bss + bss) €14 = —h1o+ hia + s = hag + has + hat + has + hag + hs = has = hr
hao = (=a13 +a1a +a1s — asa) (=bs1 = bas +baa +bsa) 2,4 = hio + his — hig + hao — haa

hat = (—a11 +as1 —ass) (s +bsy + +bs.1 + 55— bs.a)

= (=021 + a2;5 — ass) (b

()

s bisbiz+bis = bs2)

s+ hao + hat — ha + he1 + he

30 = has + iz = has + hag + hor + hza

11+ baa +bas + bsa +bs.a + bas) €35 = —h1o + hia = his + has + hag —

hso = hs + hae + ha = hzs

—hiz = hao + hao — haa + hs + hag + hs — has + hsr + e

+bi2+ b

+ba1 +biz +bas)

=(-a11—aig+as+ais —az —azs+as

+azs) (=bia = bz +bia)

ans — a2,6) (baa — s — by + s — baa + i)
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How it's done

"Single-player game played by AlphaTensor, where the goal is to find a correct
matrix multiplication algorithm. The state of the game is a cubic array of numbers
(shown as grey for O, blue for 1, and green for -1), representing the remaining
work to be done."

Current state AlphaTensor Algorithmic State update New state
instruction

|’ S
¢ <§ *

> -
N’ ®<<§< 3 o N

| L B

. ® b

K Repeat J

iest:i| RTEU CE100 Week-3
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Maximum Subarray Problem

Input: An array of values
Output: The contiguous subarray that has the largest sum of elements

e Input array:

max. contiguous subarray

A
4 N\

13][—3][—25][20][-3][-16][-23] [18][20][-7][12] [-22][—4][7]

% RTEU CE100 Week-3
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Maximum Subarray Problem: Divide & Conquer (1)

e Basic idea:
o Divide the input array into 2 from the middle

o Pick the best solution among the following:
= The max subarray of the left half

= The max subarray of the right half

= The max subarray crossing the mid-point

1 RTEU CE100 Week-3
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Maximum Subarray Problem: Divide & Conquer (2)

Crosses the mid-point

—
A
- U
Entirely in the left half Entirely 1n the right half

 RTEU CE100 Week-3
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Maximum Subarray Problem: Divide & Conquer (3)

e Divide: Trivial (divide the array from the middle)
e Conquer: Recursively compute the max subarrays of the left and right halves

e Combine: Compute the max-subarray crossing the mid — point

o (can be done in ©(n) time).

o Return the max among the following:
= the max subarray of the left-subarray

= the max subarray of the rightsubarray

» the max subarray crossing the mid-point

TODO : detailed solution in textbook...

1 RTEU CE100 Week-3
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Conclusion : Divide & Conquer

e Divide and conquer is just one of several powerful techniques for algorithm design.

e Divide-and-conquer algorithms can be analyzed using recurrences and the master
method (so practice this math).

e Can lead to more efficient algorithms

% RTEU CE100 Week-3
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Quicksort (1)

e One of the most-used algorithms in practice
e Proposed by C.A.R. Hoare in 1962.
e Divide-and-conquer algorithm

e |n-place algorithm
o The additional space needed is O(1)

o The sorted array is returned in the input array

o Reminder: Insertion-sort is also an in-place algorithm, but Merge-Sort (s not (n-
place.

e Very practical

% RTEU CE100 Week-3
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Quicksort (2)

e Divide: Partition the array into 2 subarrays such that elements in the lower part <

elements in the higher part
e Conquer: Recursively sort 2 subarrays

e Combine: Trivial (because in-place)

Key: Linear-time (©(n)) partitioning algorithm

P q

et RTEU CE100 Week-3
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ivide: Partition the array around a pivot element

® Choose a pivot element x

e Rearrange the array such that:

o Left subarray: All elements < x

o Right subarray: All elements >

Pivot = 5
Input
After
Patrtitioning
—
®
iR RTEU CE100 Week-3
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Conquer: Recursively Sort the Subarrays

Note: Everything in the left subarray < everything in the right subarray

33264609 /7

< »< >

sort recursively ' sort recursively
After
Conquer 1 2 3 3 4 5 6 7

< »< >

sorted sorted

Note: Combine is trivial after conquer. Array already sorted.

 RTEU CE100 Week-3
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Two partitioning algorithms

® Hoare's algorithm:
Partitions around the first element of subarray
o (pivot = ¢ =

r | 22

| — <« r

* Lomuto’s algorithm:
Partitions around the Iast eIement of subarray
o (pivot = ¢ =

[

#ie8%| RTEU CE100 Week-3
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Hoare's Partitioning Algorithm (1)

e Choose a pivot element: pivot = x = A|p]

?

'V

P | — <«
e Grow two regions:

o from left to right: A[p. .. 1]

o from right to left: A[j...r]
" such that:

o every elementin A[p...i] < pivot

o every elementin A[p...%| > pivot

 RTEU CE100 Week-3
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Hoare's Partitioning Algorithm (2)

#ie8%| RTEU CE100 Week-3

39



CE100 Algorithms and Programming |l

Hoare's Partitioning Algorithm (3)

® Elements are exchanged when
o Ali] is too large to belong to the left region

o A[j] is too small to belong to the right region
" assuming that the inequality is strict

e The two regions A[p...¢]and A|j...r| grow until Ali| > pivot > A|j]

H-PARTITION(A, p, r)

pivot = A[p]
i=p-1
j=r -1

while true do
repeat j = j - 1 until A[j] <= pivot
repeat 1 = 1 - 1 until A[i] <= pivot
if i < j then
exchange A[i] with A[]]
else
return j

RTEU CE100 Week-3
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Hoare's Partitioning Algorithm Example (Step-1)

Pivot =5
H-PARTITION (A, p,.r)
» pivot < A|p] Inpud 3|2]6
i<—p-—1
jer+1
while true do STEP — 1

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] 2 pivot
if i <j then

exchange A[i] <> A[/]
else

return j

| RTEU CE100 Week-3
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Hoare's Partitioning Algorithm Example (Step-2)

Pivot = 5
H-PARTITION (A, p,.r)
pivot < A|p] Input |95 ]3[2|6
i<—p-—1 i
# jer+1
while true do STEP — 2

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] = pivot
if i <j then

exchange A[i] <> A[/]
else

return j

% RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-3)

Pivot = 5
H-PARTITION (A, p,.r)
pivot < A|p] Input 15326
i<—p-—1 i
jer+1
while true do STEP — 3

=)

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] = pivot
if i <j then

exchange A[i] <> A[/]
else

return j

% RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-4)

Pivot =5
H-PARTITION (A, p, 1)
pivot < A|p] Input |53 12 |6
i<—p-1 i
jer+1
while true do STEP — 4

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] = pivot
if i <j then

exchange A[i] <> A[/]
else

return j

=)
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Hoare’s Partitioning Algorithm Example (Step-5)

Pivot = 5
H-PARTITION (A, p,.r)
pivot < A|p] Input 15326
i<—p-—1 i
jer+1
while true do STEP — 5

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] = pivot
if i <j then

exchange A[i] <> A[/]
else

return j

=)

| RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-6)
Pivot = 5

H-PARTITION (A, p, 1)
pivot < A|p] inpul 3|26
i<—p-1 i
jer+1

while true do STEP — 6
# repeat j < j— 1 until A[j] < pivot
repeat i < i + 1 until A[i] = pivot
if i <j then
exchange A[i] <> A[/]

else
return j

A

 RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-7)

Pivot = 5

H-PARTITION (A, p,r)
pivot < A|p] /2 31216
i<—p-—1 i
jer+1

while true do STEP — 7
» repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] = pivot
if i <j then
exchange A[i] <> A[/]

else
return j

A

 RTEU CE100 Week-3
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Hoare's Partitioning Algorithm Example (Step-8)
Pivot = 5

H-PARTITION (A, p,.r)
pivot < A|p] LIz 3|2]6]4
i<—p-1 i j
jer+1
while true do STEP — 8

repeat j < j — 1 until A|[j] < pivot

# repeat i < i + 1 until A[i] = pivot
if i <j then

exchange A[i] <> A[/]

else
return j

A
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Hoare’s Partitioning Algorithm Example (Step-9)

Pivot = 5
H-PARTITION (A, p,.r)
i<—p-1 I
jer+1
while true do STEP — 9

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[7] = pivot
if i <j then
# exchange A[i] <> A[/]
else
return j

 RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-10)

Pivot = 5
e A 3321657
Divor < Alp] Input  FSIECEIVARY 6 5 7
i—p-1 i j

jer+1

while true do STEP — 10
» repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] 2 pivot
if i <j then
exchange A[i] <> A[/]
else
return j

 RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-11)

Pivot =5
e A 3321657
Divor < Alp] Input  FSIECEIVARY 6 5 7
i—p-1 i ]
jer+1
while true do STEP — 11

repeat j < j — 1 until A[j] < pivot

» repeat i < i + 1 until A[i] = pivot
if i <j then

exchange A[i] <> A[/]
else
return j

 RTEU CE100 Week-3
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Hoare’s Partitioning Algorithm Example (Step-12)

Pivot =5
a7 33214657
pivot < Alp] i 3 3 2 1 4 6 5 7
i<—p-1 j i
jer+1
while true do STEP — 12

repeat j < j — 1 until A[j] < pivot
repeat i < i + 1 until A[i] 2 pivot
if i <j then

exchange A[i] <> A[/]

else
» return j

 RTEU CE100 Week-3
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Hoare's Partitioning Algorithm - Notes

® Elements are exchanged when
o Ali] is too large to belong to the left region

o Alj] is too small to belong to the right region
® assuming that the inequality is strict

e The two regions A[p...¢]and A|j...r| grow until Ali| > pivot > A|j]

 The asymptotic runtime of Hoare's partitioning algorithm ©(n)

H-PARTITION(A, p, r)

pivot = A[p]
i=p-1
j=r -1

while true do
repeat j = j - 1 until A[j] <= pivot
repeat 1 = 1 - 1 until A[i] <= pivot
if i < j then exchange A[i] with A[j]
else return j

RTEU CE100 Week-3
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Quicksort with Hoare’s Partitioning Algorithm

QUICKSORT (A, p, r)
if p < r then
q = H-PARTITION(A, p, r)
QUICKSORT(A, p, q)
QUICKSORT(A, g + 1, r)
endif

Initial invocation: QUICKSORT(A,1,n)

p q r
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Hoare's Partitioning Algorithm: Pivot Selection

o if we select pivot to be A|r] instead of A|[p] in H-PARTITION

<z >
p q
Pivot =7
513]2]6]4[1]3 4
i ]

e Consider the example where A[r| is the largest element in the array:
o End of H-PARTITION: 2 = 3 =7

o In QUICKSORT: g = r

m So, recursive call to:;
® QUICKSORT(A, p, g=r)

%_ = infinite loop
R
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Correctness of Hoare's Algorithm (1)

We need to prove 3 claims to show correctness:

e Indices ¢ and j never reference A outside the interval A|p. .. 7]

e Split is always non-trivial; i.e., j # 7 at termination

e Every elementin A[p...j| < everyelementin Aj 4+ 1...r] at termination

p q r

#ie8%| RTEU CE100 Week-3
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Correctness of Hoare's Algorithm (2)

e Notations:

o k: #£ of times the while-loop iterates until termination
o 1,,: the value of index i at the end of iteration m

° 9m,: the value of index j at the end of iteration m

o x: the value of the pivot element

 Note: We always have 71 = pandp < 71 <r
because x = A|p|

% RTEU CE100 Week-3
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Correctness of Hoare's Algorithm (3)

Lemma 1: Either 12, = j; or 1, = J; + 1 at termination

Proof of Lemma 1:

e The algorithm terminates when 7 > j (the else condition).
e So, it is sufficient to prove that 7;,—7;, < 1

e There are 2 cases to consider:

o Case 1: k = 1, i.e. the algorithm terminates in a single iteration

o Case 2: k > 1, i.e. the alg. does not terminate in a single iter.

By contradiction, assume there is a run with 2x—7; > 1

1 RTEU CE100 Week-3
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Correctness of Hoare’s Algorithm (4)

Original correctness claims:

e Indices 7 and j never reference A outside the interval Alp...r]
e Split is always non-trivial; i.e., 7 75 T at termination
Proof:
e Fork = 1:
o Trivial because 11 = J1 = p (see Case 1 in proof of Lemma 2)

* Fork > 1:
o 1% > pand jJr < T (due to the repeat-until loops moving indices)

o 9 < 7 and jJr > p (due to Lemma 1 and the statement above)

The proof of claims (a) and (b) complete

% RTEU CE100 Week-3

59



CE100 Algorithms and Programming |l

Correctness of Hoare's Algorithm (5)

Lemma 2: At the end of iteration m, where m < k (i.e. m is not the last iteration), we must have:
Ap...ip| <zand Aljp, ...7] >

Proof of Lemma 2:
e Base case:m = 1 and k > 1 (i.e. the alg. does not terminate in the first iter.)

Ind. Hyp.: At the end of iteration m — 1, where m < k (i.e. m is not the last iteration), we must have:
Ap...1p — 1] <zand Alj, —1...7]| >z

General case: The lemma holds for m, where m < k

Proof of base case complete!

% RTEU CE100 Week-3
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Correctness of Hoare's Algorithm (6)

Original correctness claim:

* (c) Every elementin A|... j| < every elementin A[j + ... r] at termination
Proof of claim (c)

e There are 3 cases to consider:
o Case 1: kK = 1, i.e. the algorithm terminates in a single iteration

o Case2: k > 1and i, = J;
o Case3:k>1andip = jr + 1

% RTEU CE100 Week-3
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Lomuto’s Partitioning Algorithm (1)

e Choose a pivot element: prvot = x© = A[T']

- a

p | — J —>
e Grow two regions:

o from left to right: A|p. .. 1]

o from left to right: Al +1... j]
= such that:
= every elementin A[p...i| < pivot

= every elementin Ali + 1... 7] > pivot

 RTEU CE100 Week-3
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Lomuto’s Partitioning Algorithm (2)

\

~
8

\

[ — | —
p r
<z ? T

[ — J—>
p r
T A -
[ — J—>
p r
<z T
I J
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Lomuto’s Partitioning Algorithm Ex. (Step-1)

p  Puwot =4
L-PARTITION (A, p, 1)

#mﬂ = Inout |718(2|6|5]|1

i<—p-—1
forj<—ptor—1do
if A[j] < pivot then STEP — 1
i<—i+1
exchange Ali] & Alj]
exchange A[i + 1] © AJr]
return i + 1
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Lomuto’s

=)

Partitioning Algorithm Ex. (Step-2)
p Pivot =4
L-PARTITION (A, p, r)
pivot < Alr] Input | 71812]6]5]1
ip-1 ]
forj<—ptor—1do
if A[j] < pivot then STEP — 9
i<—i+1
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exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1
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Lomuto’s

=)

Partitioning Algorithm Ex. (Step-3)
p Pivot =4
L-PARTITION (A, p, r)
pivot < Alr] Input | 718121691
i<—p-1 I ]
forj<—ptor—1do
if A[j] < pivot then STEP — 3
i<—i+1
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exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1
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Lomuto’s Partitioning Algorithm Ex. (Step-4)

p Pivot =4
L-PARTITION (A, p,r)
pivot A[’(q— 2>.1) Input 21651
i—p-1 i |
Jorj<—ptor—1do
# if A[j] < pivot then STEP — 4
i<—i+1

exchange A[i] & AJj]
exchange AJi + 1] & A|r]
returni + 1

A
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Lomuto’s Partitioning Algorithm Ex. (Step-5)

p Pivot =4
L-PARTITION (A, p, 1)
pivot(—A[l(f]_p ) inpdy 2 6[5]1
ip-1 i |
forj<—ptor—1do
if A[j] < pivot then STEP —5
i<—i+1

exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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A

Lomuto’s

Partitioning Algorithm Ex. (Step-6)
Pivot =
L-PARTITION (A, p, r)
pivot < A|r] input 6|9
i<—p-—1 j
forj<—ptor—1do
if A[j] < pivot then STEP — 6
i<—i+1

=)

 RTEU CE100 Week-3

exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1
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Lomuto’s Partitioning Algorithm Ex. (Step-7)

p Pivot = 4 r

L-PARTITION (A, p,r)
pivot < A|r]
i<p-1 i j
forj<—ptor—1do
» if A[j] < pivot then STEP — 7
i<—i+1
exchange AJi] & A[j]
exchange A[i + 1] & A|r]
return i + 1
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Lomuto’s Partitioning Algorithm Ex. (Step-8)

r

p Pivot =4
L-PARTITION (A, p, r)
ot Alr Lzt 2 817 6 5 KN
ip-1 i |
forj<—ptor—1do
if A[j] < pivot then STEP — 8
i<—i+1

exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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Lomuto’s Partitioning Algorithm Ex. (Step-9)
p  Piwot =4 r

e 2 17658K4
pivot < Alr] nput NS 84

i<—p-—1 l J
forj<—ptor—1do
if A[j] £ pivot then STEP — 9
i<—i+1

exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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Lomuto’s Partitioning Algorithm Ex. (Step-10)
p  Piwot =4 r

e 2 17658K4
pivot < Alr] nput NS 84

i<—p-—1 l J
forj<—ptor—1do
» if A[j] £ pivot then STEP — 10
i<—i+1

exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1
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Lomuto’s Partitioning Algorithm Ex. (Step-11)
p  Piwot =4 r

e 2 17658K4
pivot < Alr] nput NS 84

i<—p-—1 l J
forj<—ptor—1do
if A[j] < pivot then STEP — 11
i<—i+1
exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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Lomuto’s Partitioning Algorithm Ex. (Step-12)
p  Piwot =4 r

e 21365874
pivot « A[F] il ? 1 36 5 8 7 4

i<—p-—1 l J
forj<—ptor—1do
if A[j] < pivot then STEP — 12
i<—i+1
exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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Lomuto’s Partitioning Algorithm Ex. (Step-13)
p  Piwot =4 r

e 21365874
pivot « A[F] il ? 1 36 5 8 7 4

i<—p-—1 l J
forj<—ptor—1do
if A[j] < pivot then STEP — 13
i<—i+1
exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)

 RTEU CE100 Week-3 0




CE100 Algorithms and Programming |l

Lomuto’s Partitioning Algorithm Ex. (Step-14)
p  Piwot =4 r

S 21345876
Divot < AJr] e 2 1 3 4 5 8 7 06

i<—p-—1 l J
forj<—ptor—1do
if A[j] < pivot then STEP — 14
i<—i+1
exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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Lomuto’s Partitioning Algorithm Ex. (Step-15)
p  Piwot =4 r

S 21345876
Divot < AJr] e 2 1 3 4 5 8 7 06

i<—p-—1 q
forj<—ptor—1do
if A[j] £ pivot then STEP — 15
i<—i+1

exchange Ali] & AJj]
exchange A[i + 1] © A|r]
returni + 1

=)
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Quicksort with Lomuto’s Partitioning Algorithm

QUICKSORT (A, p, r)
if p < r then
g = L-PARTITION(A, p, r)
QUICKSORT(A, p, q - 1)
QUICKSORT(A, g + 1, r)
endif

Initial invocation: QUICKSORT(A,1,n)

p q r
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Comparison of Hoare's & Lomuto’s Algorithms (1)

e Notationnn=7r—p+1
o pivot = Alp| (Hoare)
o pivot = Alr] (Lomuto)
e # of element exchanges: e(n)
o Hoare: 0 > e(n) > | 5|
" Best k = 1withiy = j; =p(e, Ap+1...7] > pivot)
= Worst Ap+1...p+ |5 | — 1] > pivot > Alp+ |5]|...7]
o Lomuto:1 <e(n) <n
= Best Alp...r — 1| > pivot

= Worst: A[p...r — 1] < pivot
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Comparison of Hoare's & Lomuto’s Algorithms (2)

e # of element comparisons: c.(n)

o Hoare:n + 1 < c.(n) < n + 2
= Best: 1, = J1
» Worst: 1, = J, + 1
o Lomuto: c.(n) =n —1
e # of index comparisons: ¢;(n)
o Hoare: 1 < ¢;(n) < | 5| + 1|(ci(n) = e(n) +1)

o Lomuto: ¢;(n) =n —1

1 RTEU CE100 Week-3
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Comparison of Hoare's & Lomuto’s Algorithms (3)

e # of index increment/decrement operations: a(n)

o Hoare:n + 1 < a(n) < n+ 2|(a(n) = c.(n))

o Lomuto:n < a(n) < 2n — 1|(a(n) =e(n) + (n — 1))
e Hoare's algorithm is in general faster

 Hoare behaves better when pivot is repeated in A|p. .. 7]

o Hoare: Evenly distributes them between left & right regions

o Lomuto: Puts all of them to the left region

1 RTEU CE100 Week-3
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Analysis of Quicksort (1)

QUICKSORT (A, p, r)
if p < r then
q = H-PARTITION(A, p, r)
QUICKSORT(A, p, Qq)
QUICKSORT(A, g + 1, r)
endif

Initial invocation: QUICKSORT(A,1,n)

p q r

Assume all elements are distinct in the following analysis
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Analysis of Quicksort (2)

e H-PARTITION always chooses A|p] (the first element) as the pivot.
e The runtime of QUICKSORT on an already-sorted array is @(nz)

% RTEU CE100 Week-3

84



CE100 Algorithms and Programming |l

Example: An Already Sorted Array

Partitioning always leads to 2 parts of size 1 andn — 1

| RTEU CE100 Week-3

Pivot =1
1 2 3 45 6 7 8 BSIEHER

recursive recursive

call call
Pivot = 2
2 34506 7 8PEEN
recursive recursive
call call
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Worst Case Analysis of Quicksort

e Worst case is when the PARTITION algorithm always returns imbalanced
partitions (of size 1 and n — 1) in every recursive call.

o This happens when the pivot is selected to be either the min or max element.

o This happens for H-PARTITION when the input array is already sorted or
reverse sorted

Tn)=TQ1)+T(n—1)+ 6O(n)
=T(n—1)+06O(n)
= ©(n2)

1 RTEU CE100 Week-3
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Worst Case Recursion Tree

Tn)=T1)+T(n—1)+cn

A ck = O(n?)
c(n) c(n) kz:;
T(1) T(n—1) O(1) c(n—1)
A/ \
2 h=n ©6(1) c(n —2)
I(m)=O(?) +6(m) | "0 O e 4T
- / .............
T(n) = O(n?) v ©(n) ©(1) e(1)
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Best Case Analysis (for intuition only)

o |f we're extremely lucky, H-PARTITION splits the array evenly at every recursive call
T(n) =2T(n/2) + O(n)
= O(nlgn)

(same as merge sort)

e Instead of splitting 0.5 : 0.5, if we split 0.1 : 0.9 then we need solve following
equation.

=
&
|

T(n/10) + T(9n/10) + O(n)
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“Almost-Best” Case Analysis

hmin = logf / \

% RTEU CE100 Week-3

A A

v,

\/

max

i
VRN 10
il on 95{// \\\\’i

— 8ln
100 100 —- L on
- 100 100 .
@(1) ...............
Cnhmin S T(n) S cnhmax @(1)
- log"f()/g

cnlogy, < T'(n) < cnlog, 1

T(n) = O(nlgn)
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Balanced Partitioning (1)

e We have seen that if H-PARTITION always splits the array with 0.1 — to — 0.9
ratio, the runtime will be © (nlgn).

e Same is true with a split ratio of 0.01 — to — 0.99, etc.

e Possible to show that if the split has always constant (©(1)) proportionality, then
the runtime will be ©(nlgn).

e In other words, for a constant (0 < a < 0.5):

o a—to—(1 — ) proportional split yields ©(nlgn) total runtime
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Balanced Partitioning (2)

* |n the rest of the analysis, assume that all input permutations are equally likely.
o This is only to gain some intuition

o We cannot make this assumption for average case analysis
o We will revisit this assumption later

e Also, assume that all input elements are distinct.

% RTEU CE100 Week-3
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Balanced Partitioning (3)

e Question: What is the probability that H-PARTITION returns a split that is more
balanced than 0.1 — to — 0.9?

% RTEU CE100 Week-3
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Balanced Partitioning (4)
Reminder: H-PARTITION will place the pivot in the right partition unless the pivot is the
smallest element in the arrays.

Question: If the pivot selected is the mth smallest value (1 < m < n) in the input

array, what is the size of the left region after partitioning?

pivot is placed in the
right region

there are m-1 elements less q — m - ].
than the pivot

et RTEU CE100 Week-3
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Balanced Partitioning (5)

h

¢ Question: What is the probability that the pivot selected is the m!"* smallest value

in the array of size n?
o 1/n (since all input permutations are equally likely)

e Question: What is the probability that the left partition returned by H-PARTITION
has size m, where 1 < m < n?

o 1/n (due to the answers to the previous 2 questions)

1 RTEU CE100 Week-3
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Balanced Partitioning (6)

® Question: What is the probability that
H-PARTITION returns a split that is
more balanced than 0.1 — to — 0.9?

Probability =

ettt RTEU CE100 Week-3

1 0.1n 0.9n n
L )
T

The partition boundary will be in
this region for a more balanced split than
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Balanced Partitioning (7)
e The probability that H-PARTITION yields a split that is more balanced than 0.1 —
to — 0.9 is 80% on a random array.

e Let P,- be the probability that H-PARTITION yields a split more balanced than
a—to— (1 —a) where) < a<0.5

e Repeat the analysis to generalize the previous result
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Balanced Partitioning (8)

® Question: What is the probability that H-
PARTITION returns a split that is more balanced

pane o (1 mar Gedt e
(1-a)n—1
. 1 L J
Probability = — T
g=an-+1 @ The partition boundary will be in
1 this region for a more balanced split than
=—((1—-an—-1—an—1+1) an —to— (1 —a)n
n
1

I
([

1 — 2a) for large n

ettt RTEU CE100 Week-3 o




CE100 Algorithms and Programming |l

Balanced Partitioning (9)

e We found P~ =1 — 2«
o Ex: Py1~ = 0.8 and Py g1~ = 0.98

e Hence, H-PARTITION produces a split
o more balanced than a
= 0.1 — to — 0.9 split 80% of the time

= 0.01 — to — 0.99 split 98% of the time

o less balanced than a
= 0.1 — to — 0.9 split 20% of the time

» 0.01 — to — 0.99 split 2% of the time
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Intuition for the Average Case (1)

e Assumption: All permutations are equally likely

o Only for intuition; we'll revisit this assumption later
e Unlikely: Splits always the same way at every level
e Expectation:

o Some splits will be reasonably balanced

o Some splits will be fairly unbalanced
e Average case: A mix of good and bad splits

o Good and bad splits distributed randomly thru the tree

1 RTEU CE100 Week-3
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Intuition for the Average Case (2)

e Assume for intuition: Good and bad splits occur in the alternate levels of the tree
o Good split: Best case split

o Bad split: Worst case split
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Intuition for the Average Case (3)

Compare 2-successive levels of avg case vs. 1 level of best case

AVERAGE CASE BEST CASE
n n
bad split 1 n—1 % good split g
good split n—1 \n‘ 1
2 2
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Intuition for the Average Case (4)

e |n terms of the remaining subproblems, two levels of avg case is slightly better

than the single level of the best case

* The avg case has extra divide cost of ©(n) at alternate levels
e The extra divide cost ©(n) of bad splits absorbed into the ©(n) of good splits.
e Running time is still ©(nlgn)

o But, slightly larger hidden constants, because the height of the recursion tree

Is about twice of that of best case.

w
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Intuition for the Average Case (5)

e Another way of looking at it:
o Suppose we alternate lucky, unlucky, lucky, unlucky, . . .

o We can write the recurrence as:

= L(n) =2U0(n/2) + ©(n) lucky split (best)
= U(n) = L(n — 1) + ©(n) unlucky split (worst)
o Solving:
L(n)=2(L(n/2—-1)+06(n/2))+ O(n)
=2L(n/2 —1) + ©(n)
= O(nlgn)

. ® How can we make sure we are usually lucky for all inputs?
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Summary: Quicksort Runtime Analysis (1)

e Worst case: Unbalanced split at every recursive call
T(n)=T(1)+T(n—-1)+06(n)
T(n) = ©(n2)

e Best case: Balanced split at every recursive call (extremely lucky)
T(n) =2T(n/2) + O(n)
T(n) = O(nlgn)
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Summary: Quicksort Runtime Analysis (2)

e Almost-best case: AlImost-balanced split at every recursive call
T(n) =T(n/10) 4+ T(9n/10) + O(n)
or T'(n) =T (n/100) + T'(99n/100) + O (n)
or T'(n) =T(an) + T((1 — an) + O(n)

for any constant o, 0 < a < 0.9
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Summary: Quicksort Runtime Analysis (3)

e For a random input array, the probability of having a split

o more balanced than 0.1-t0—0.9 : 80%
o more balanced than 0.01-t0—0.99 : 98%

o more balanced than a—to—(1 — a) : 12«

e forany constant o, 0 < a < 0.5

Y RTEU CE100 Week-3 106




CE100 Algorithms and Programming |l

Summary: Quicksort Runtime Analysis (4)

e Avg case intuition: Different splits expected at different levels
o some balanced (good), some unbalanced (bad)
e Avg case intuition: Assume the good and bad splits alternate

o l.e. good split -> bad split -> good split -> ...
o T(n) = O(nlgn)

= (informal analysis for intuition)
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Randomized Quicksort

e |n the avg-case analysis, we assumed that all permutations of the input array are
equally likely.
o But, this assumption does not always hold
o e.g. What if all the input arrays are reverse sorted?
= Always worst-case behavior

e |deally, the avg-case runtime should be independent of the input permutation.

e Randomness should be within the algorithm, not based on the distribution of the

Inputs.
o l.e. The avg case should hold for all possible inputs
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Randomized Algorithms (1)

e Alternative to assuming a uniform distribution:
o Impose a uniform distribution

o e.g. Choose a random pivot rather than the first element

e Typically useful when:
o there are many ways that an algorithm can proceed

o but, it's difficult to determine a way that is always guaranteed to be good.

o |f there are many good alternatives; simply choose one randomly.
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Randomized Algorithms (1)

e |deally:
o Runtime should be independent of the specific inputs

o No specific input should cause worst-case behavior

o Worst-case should be determined only by output of a random number
generator.
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Randomized Quicksort (1)

® Using Hoare's partitioning algorithm:

R-QUICKSORT(A, p, r)
if p < r then
q = R-PARTITION(A, p, r)
R-QUICKSORT(A, p, q)
R-QUICKSORT(A, g+1, r)

R-PARTITION(A, p, r)
s = RANDOM(p, r)
exchange A[p] with A[s]
return H-PARTITION(A, p, r)

e Alternatively, permuting the whole array would also work
o but, would be more difficult to analyze

% RTEU CE100 Week-3
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Randomized Quicksort (2)

® Using Lomuto’s partitioning algorithm:

R-QUICKSORT(A, p, r)
if p < r then
q = R-PARTITION(A, p, r)
R-QUICKSORT(A, p, g-1)
R-QUICKSORT(A, g+1, r)

R-PARTITION(A, p, r)
s = RANDOM(p, r)
exchange A[r] with A[s]
return L-PARTITION(A, p, r)

e Alternatively, permuting the whole array would also work
o but, would be more difficult to analyze
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Notations for Formal Analysis

e Assume all elementsin A[p...r]| are distinct
o letn =r-p+1
o Letrank(z) = |Ali] : p <i<rand Ali| < z|
e ie. rank(x) is the number of array elements with value less than or equal to
o A=1415,9,7,6,8,1,4}
op=295,r=4
o rank(b) =3

= je. itis the 3"¢ smallest element in the array
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Formal Analysis for Average Case

e The following analysis will be for Quicksort using Hoare's partitioning algorithm.

e Reminder: The pivot is selected randomly and exchanged with A |p| before calling
H-PARTITION

e Let x be the random pivot chosen.
e What is the probability that rank(xz) = ifori =1,2,...n7?
o P(rank(z) =1) =1/n

RTEU CE100 Week-3
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Various Outcomes of H-PARTITION (1)

e Assume that rank(z) =1
°© l.e. the random pivot chosen is the smallest element

o What will be the size of the left partition (|L|)?

o Reminder: Only the elements less than or equal to x will be in the left partition.

p=z=pivot r
~ N ~ N
A={ "2 , 9,7,6,8,5, 4}
~~
—|L|=1
p=2,r=4
pivot = x = 2

TODO: convert to image...S6_P9
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Various Outcomes of H-PARTITION (2)

e Assume that rank(z) > 1

© l.e.the random pivot chosen is not the smallest element

o What will be the size of the left partition (| L|)?
o Reminder: Only the elements less than or equal to x will be in the left partition.

o Reminder: The pivot will stay in the right region after H-PARTITION if rank(x) > 1

p pivot
~ N A NN
A={2 ,4 ; 7,6,8, 5, 9 }
~—
—|L|=rank(x)—1
p=2,7r=4
ptvot = x = 5
TODO: convert to image...S6_P10
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Various Outcomes of H-PARTITION - Summary (1)

e T : prvot

o |L| : size of left region

e P(rank(z) =i) =1/nforl1 <i<mn
o if rank(x) = 1then |L| =1
o if rank(x) > 1 then |L| = rank(z) — 1

e P(|[L| =1) = P(rank(z) = 1) + P(rank(x) = 2)
o P(|IL| =1)=2/n

e P(|[L| =1) = P(rank(z) =i+ 1)forl <i<n

= o P(|[L| =i)=1/nforl <i<mn
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Various Outcomes of H-PARTITION - Summary (2)

rank(x) probability T(n)

1 I Q)+ T(n-1)+06(M)
2 % T1)+T(n—1)+6(n)
1
3 n T(2)+T(n—2)+6(n)
i+ 1 % T(i) + T(n — i) + O(n)
R T(-1)+T(1) +6(n)
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Average - Case Analysis: Recurrence (1)

T = pivot

% RTEU CE100 Week-3

T(n)

_|_
SIm3IR3 |~

_|_

1
4+ —
n

1
4+ —

(T'(1) +t(n — 1))
(T'(1) +t(n —1))
(T'(2) +t(n - 2))

(T(3) + t(n — %))

(T'(n —1) +¢(1))

Ve

rank : 1

rank : 2

rank : 3

rank : 1+ 1

rank : n
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Average - Case Analysis: Recurrence (2)

T(n) = 1 3 (T@) + T~ 0)) + (1) + Tt~ 1)) + O(n)
Note: %(T(l) LT —1)) = %(@(1) +0(n2)) = O(n)
T(n) = * 3"(T(a) + T(n — ) + O(n)
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Average - Case Analysis -Solving Recurrence: Substitution

e Guess: T'(n) = O(nlgn)
e T(k) < aklgk for k < n, for some constanta > 0

T(n) = 2 N T(k) + O(n)

n—1
2
= E aklgk + O(n)
n
k=1

VAN

24 n—1
— > klgk + ©(n)
k=1

= * Need a tight bound for > _ klgk
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Tight bound for )  klgk (1)

e Bounding the terms

n—1 n—1
o > klgk < > nlgn =n(n— 1)lgn < n’lgn
k=1 k=1

o This bound is not strong enough because
o T(n) < %n?lgn + O(n)
o = 2anlgn + ©(n) = couldn't prove T'(n) < anlgn
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Tight bound for ) © klgk (2)

e Splitting summations: ignore ceilings for simplicity

n/2—1

Zklgk < Z klgk + Z klgk

k=n/2
o First summation: [gk < lg(n/2) = lgn — 1

o Second summation: [gk < lgn
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Splitting: Z klgk < Z klgk + Z klgk (3)
k=1 k=n/2
n—1 n/2 1
Y kigk < (ig(n — 1)) Zk+lgn2k
k=1 k=n/2
n—1 n/2—1
=lgn) k- > k
k=1 k=1
1 1n n
= §n(n — 1)lgn — 55(5 —1)
Lo - e _
=N lgn 3" 2n(lg'n, 1/2)
n—1 1 1
Zklgk < §n2lgn— gnz forlgn>1/2 = n>+2

= k=1

RTEU CE100 Week-3

124



CE100 Algorithms and Programming |l
g g g ,n_l

Substituting: - > klgk < in’lgn — in® (4)
k=1

n—1
2
T(n) < ;a Z klgk + ©(n)
k=1

% 1 1
i ot T SUS
< n(angn 8n)—|—@(n)
= anlgn — (%n —0O(n))

e We can choose a large enough so that 31 > ©(n)
T(n) < anlgn
T'(n) = O(nlgn)
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Medians and Order Statistics

th

e ith order statistic: 2" smallest element of a set of n elements

e minimum: first order statistic

t

e maximum: 7 h order statistic

e median: "halfway point” of the set

- (n+1)
i= 1Y)
(n+1)
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Selection Problem

h

o Selection problem: Select the 7" smallest of n elements

e Naive algorithm: Sort the input array A; then return A|1]
o T(n) = 8(nlgn)
= (sing e.g. merge sort (but not quicksort)

e Can we do any better?
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Selection in Expected Linear Time

e Randomized algorithm using divide and conquer
e Similar to randomized quicksort

o Like quicksort: Partitions input array recursively

o Unlike quicksort: Makes a single recursive call
= Reminder: Quicksort makes two recursive calls

e Expected runtime: ©(n)

o Reminder: Expected runtime of quicksort: © (nlgn)

il RTEU CE100 Week-3 128




CE100 Algorithms and Programming |l

Selection in Expected Linear Time: Example 1

e Select the 2™ smallest element:
A= {6, 10,13,5,8, 3, 2, 11}
1= 2

e Partition the input array:
A=1{ 2,3,5, 13,8,10,6,11}
N ~~ o

left subarray right subarray

2nd

e make a recursive call to select the smallest element in left subarray
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Selection in Expected Linear Time: Example 2

e Select the 7" smallest element:
A= {6, 10,13,5,8, 3, 2, 11}
1=17
e Partition the input array:

A={ 2,3,5, 13,8,10,6,11}
N ~~ o

left subarray right subarray

e make a recursive call to select the 4** smallest element in right subarray
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Selection in Expected Linear Time (1)

R-SELECT(A,p,r,i)
if p == r then
return A[p];
q = R-PARTITION(A, p, r)
k = q-p+1;
if 1 <= k then
return R-SELECT(A, p, g, 1);
else
return R-SELECT(A, g+1, r, i-k);

A={ | ---<z(ksmallest elements)... | --->zx... | }
~~

p q r
T = prvot
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Selection in Expected Linear Time (2)

p q
~ N ~ N /r\
A={| - <z...| ->z... |}
S———— ——
L R
T = prvot
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Selection in Expected Linear Time (2)

e All elements in L < all elements in R

e [ contains:
o |L| = g—p + 1 = k smallest elements of A[p...r]
o if4 < |L| = k then
= search L recursively for its it" smallest element

o else
= search R recursively for its (i — k)™ smallest element
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Runtime Analysis (1)

* Worst case:
o |Imbalanced partitioning at every level and the recursive call always to the larger partition

={1,2,3,4,5,6,7,8} =28

recursive call

= {2,3,4,5,6,7,8%  i=7T

recursive call
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Runtime Analysis (2)

* Worst case: Worse than the naive method (based on sorting)
T(n)=T(n—1)+ 6(n)
T(n) = ©(n*)

® Best case: Balanced partitioning at every recursive level
T(n)=T(n/2)+ O(n)
T(n) = ©(n)

® Avg case: Expected runtime — need analysis T.B.D.
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Reminder: Various Outcomes of H-PARTITION

e 1 : prvot

|L| : size of left region

P(rank(z) =1) =1/nfor1 <i<n

o if rank(xz) = 1 then |L| =1
o if rank(x) > 1 then |L| = rank(x) — 1

P(|L| =1) = P(rank(x) = 1) + P(rank(xz) = 2)
o P(IL| =1)=2/n

P(|L| =1i) = P(rank(z) =i+ 1)forl <i<n
o P(|IL|=i)=1/nforl<i<mn
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Average Case Analysis of Randomized Select

e To compute the upper bound for the avg case, assume that the ith element always

falls into the larger partition.

p q
NS ~ A~
A={ | <z v e. )
N — N —
Le ftPartition RightPartition

T = prvot

e We will analyze the case where the recursive call is always made to the larger
partition
o This will give us an upper bound for the avg case
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Various Outcomes of H-PARTITION

rank(z) probability T(n)

1 % < T(maz(l,n — 1)) + O(n)
1
2 - < T(mazxz(l,n—1)) + O(n)
1
3 o < T(maz(2,n—2)) +O(n)
i+ 1 % < T(mag(i,n — 1)) + O(n)
n % < T(mazx(n—1,1)) + O(n)
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Average-Case Analysis of Randomized Select (1)

(2/n fori=1

Recall: P(|L| = 1) = <
(L] =1) \1/’"’ fort: =2,3,...,n—1

Upper bound: Assume ith element always falls into the larger part.

n—1

T(n) < %T(maw(l,n — 1)) + % ZT(maw(q,n —q)) +O(n)
Note :%T(ma:c(l,n —1)) = %T(n —1) = %O(n2) = O(n)
. (3 dot mean therefore) T'(n) < % i T'(max(g,n — q)) + O(n)
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Average-Case Analysis of Randomized Select (2)

n—1

Y T(maz(q,n — q)) + O(n)

q=1

s.T(n) <

e
o [a if g > |n/2]
(Q7 Q) {n —q ifg< [n/Z]

e nis odd: T'(k) appears twice fork = [n/2] + 1, [n/2] + 2,...,n-1

e nisevenT'(|n/2]) appears once T'(k) appears twice for k = [n/2| +
1, [n/2]+2,...,n-1
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Average-Case Analysis of Randomized Select (3)

e Hence, in both cases:

3" T(maz(g,n—))+0m) <2 Y T(q) +On)
g=1 q=[n/2]
T(m) <2 Y Tlg) +Om)
q=[n/2]

% RTEU CE100 Week-3

141



CE100 Algorithms and Programming |l

Average-Case Analysis of Randomized Select (4)

e By substitution guess T'(n) =

e Inductive hypothesis: T'(k

% RTEU CE100 Week-3

q=|n/2]
O(n)
) < ck,Vk <n
9 n—1
T(n) < — ck + O(n)
n
q=|n/2]
n—1 n/2]-1
2
_ = (Z [
n
k=1 k=1
2c (1 1
== —n(n—1) — =
n \ 2 2
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Average-Case Analysis of Randomized Select (5)

T(n) < f(;n(n 1) — % o (g 4 1)) + O(n)

C C

§c(n—1)—1n—|—§—|—0(n)
:cn—zn—§—|—0(n)
=cn — ((Zn—F;) +O(n)>

e since we can choose c large enough so that (cn/4 + ¢/2) dominates O(n)
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Summary of Randomized Order-Statistic Selection

e Works fast: linear expected time
e Excellent algorithm in practise

e But, the worst case is very bad: ©(n?)

e Blum, Floyd, Pratt, Rivest & Tarjan[1973] algorithms are runs in linear time in the
worst case.

e Generate a good pivot recursively
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Selection in Worst Case Linear Time

//return i-th element in set S with n elements
SELECT(S, n, 1)
if n <= 5 then
SORT S and return the i-th element

DIVIDE S into ceil(n/5) groups
//first ceil(n/5) groups are of size 5, last group is of size n mod 5

FIND median set M={m , .., m_ceil(n/5)}
// m_j : median of j-th group

X = SELECT(M,ceil(n/5),floor((ceil(n/5)+1)/2))
PARTITION set S around the pivot x into L and R
if i <= |L| then

return SELECT(L, |L|, i)

else
return SELECT(R, n-|L|, i-|L])
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Selection in Worst Case Linear Time - Example (1)

e Input: Array S and index 1
e Output: The 7?” smallest value

25 9 16 8 11 27 39 42 15 632 14 36 20 33 22 31 4 17v 3 30 41
2 13 19 7 21 10 34 1 37 23 40 5 29 18 24 12 38 28 26 35 43
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Selection in Worst Case Linear Time - Example (2)

Step 1: Divide the input array into groups of size 5

1 RTEU CE100 Week-3

group size=>

/"

25
27
32
22
30
7
37
18
26

9
39
14
31
41
21
23
24
39

16
42
36
4
2
10
40
12
43

8
15
20
17
13
34

5
38

11

33

19

29
28
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Selection in Worst Case Linear Time - Example (3)

Step 2: Compute the median of each group (©(n))

Medians
~ N

25 16 11 8 9
39 42 27 6 15
36 33 32 20 14
22 31 17 3 4
41 30 19 13 2
21 34 10 1 7
37 40 29 23 5
38 28 24 12 18
26 35 43

e Let M be the set of the medians computed:
o M =4{11,27,32,17,19,10,29,24,35}

% RTEU CE100 Week-3
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Selection in Worst Case Linear Time - Example (4)

Step 3: Compute the median of the median group M
x < SELECT(M,|M|,|(|M|+1)/2]) where | M| = [n/5]

e Let M be the set of the medians computed:
Median

~ N
o M = {11,27,32,17,19,10,29, 24" 35
e Median = 24
e The runtime of the recursive call: T'(|M|) = T'(|n/5])
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Selection in Worst Case Linear Time - Example (5)

Step 4: Partition the input array S around the median-of-medians x

25 9 16 &8 11 27 39 42 15 632 14 36 20 33 22 31 4 1v 3 30 41
2 13 19 7 21 10 34 1 37 23 40 5 29 18 24 12 38 28 26 35 43

Partition S around £ = 24

Claim: Partitioning around x is guaranteed to be well-balanced.

w
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Selection in Worst Case Linear Time - Example (6)

e M : Median, M* : Median of Medians

M

~ N
41 30 19 13 2
21 34 10 1 7
22 31 17 3 4
25 16 11 &8 9

M*

N

38 28 24 12 18

36 33 32 20 14

37 40 29 23 5

39 42 27 6 15
26 35 43

e About half of the medians greater than x = 24 (about n/lO)
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Selection in Worst Case Linear Time - Example (7)

about half of medians greater
than x=24

about n/10

about 3n/10

2 out of 5 in each group greater than elements
the median in the group, which is greater than
greater than x about 2n/10 x=24

iest:i| RTEU CE100 Week-3
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Selection in Worst Case Linear Time - Example (8)

 RTEU CE100 Week-3

2 out of 5 in each group less than
the median in the group, which is
greater than x about 2n/10

about 3n/10
elements less
about n/10 than x=24

about half of medians less
than x=24
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Selection in Worst Case Linear Time - Example (9)

{25 9 16 8 11 27 39 42 15 632 14 36 20 33 22 31 4 17 3 30 41

S21319721103413723405291824123828263543}

e Partitioning S around x = 24 will lead to partitions
of sizes ~ 3n /10 and ~ 7n/10 in the worst case.

Step 5: Make a recursive call to one of the partitions

if 1 <= |[L| then
return SELECT(L,|L]|,1i)
else
return SELECT(R,n-|L|,i-|L])
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Selection in Worst Case Linear Time

//return i-th element in set S with n elements
SELECT(S, n, 1)
if n <= 5 then
SORT S and return the i-th element

DIVIDE S into ceil(n/5) groups
//first ceil(n/5) groups are of size 5, last group is of size n mod 5

FIND median set M={m , .., m_ceil(n/5)}
// m_j : median of j-th group

X = SELECT(M,ceil(n/5),floor((ceil(n/5)+1)/2))
PARTITION set S around the pivot x into L and R
if i <= |L| then

return SELECT(L, |L|, i)

else
return SELECT(R, n-|L|, i-|L])
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Choosing the Pivot (1)

1. Divide S into groups of size 5
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Choosing the Pivot (2)

e Divide S into groups of size 5

e Find the median of each group

 PO09

Greater

(
\

/
\

(
\

(
\

= \‘ Lesser
?\"
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cEmOCﬁr&@Sﬁﬁgg‘fﬁ‘é‘ginOt (3)

e Divide S into groups of size 5
e Find the median of each group

e Recursively select the median x of the medians
i

/ / [

5 o000 00
R
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Choosing the Pivot (4)

o At least half of the medians > «

e Thusm = |[n/5]/2] groups contribute 3 elements to R except possibly the last
group and the group that contains z, |R| > 3(m—-2) > "6

o0 0959 HO9

, Greater

\’ Lesser
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Choosing the Pivot (5)

e 3n
o Similarly |L| > 37—6
3n

e Therefore, SELECT is recursively called on at most n — (2% — 6) = %L + 6

10
’ ’ ’ Greater

o
= ° ®

ettt RTEU CE100 Week-3 160

elements

Lesser




CE100 Algorithms and Programming |l

Selection in Worst Case Linear Time (1)

//return i-th element in set S with n elements
SELECT(S, n, i)
if n <=5 then
SORT S and return the i-th element
@(n) DIVIDE S into ceil(n/5) groups
/[first ceil(n/5) groups are of size 5, last group is of size n mod 5
O(n) FIND median set M={m, ..., m_ceil(n/5)}
// m_j : median of j-th group
T(In/5])4 x = SELECT(M,ceil(n/5),floor((ceil(n/5)+1)/2))
@(n) PARTITION set S around the pivot x into L and R
if i <= |L| then
m return SELECT(L, |L|, i)
T(l_O + 6) 2 else
_ return SELECT(R, n—|L]|, i-|L])

ﬁ 161

e RTEU CE100 Week-3




CE100 Algorithms and Programming |l

Selection in Worst Case Linear Time (2)

e Thus recurrence becomes
o T(n) <T([2]) + T(2 +6) + O(n)
e Guess T'(n) = O(n) and prove by induction
e |nductive step:
T(n) <c[n/5|+¢(7Tn/10 + 6) + ©(n)
<ecn/5+c+ Tcn/10 + 6¢ + O(n)
=9cn /10 + T7c + O(n)
=cn — |c(n/10 —7) — O(n)] < cn ( for large c)

e Work at each level of recursion is a constant factor (9/10) smaller

w
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—End — Of — Week — 3 — Course — Module—
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